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Abstract
In the problemMin-DESC, we are given a digraphD and an integer k,
and asked whether there exists a set A′ of at most k arcs inD, such that
if we remove the arcs of A′, in the resulting digraph every strong com-
ponent is Eulerian. Min-DESC is NP-hard; Cechla´rova´ and Schlotter
(IPEC 2010) asked whether the problem is fixed-parameter tractable
when parameterized by k. We consider the subproblem of Min-DESC
whenD is a tournament. We show that this problem is fixed-parameter
tractable with respect to k.
1 Introduction
For a digraph D, let V (D) denote the vertices of D and A(D) the arcs of D.
Let xy denote an arc from x to y and let |D| = |V (D)|. Recall that the out-
degree of a vertex x in a digraph D is the number d+D(x) of arcs of the form
xy, for some vertex y, and the in-degree of x is the number d−D(x) of arcs of
the form yx. D is balanced if for every vertex x in D, d+D(x) = d
−
D(x). D
is regular if for every pair x, y of vertices, d+D(x) = d
−
D(x) = d
+
D(y) = d
−
D(y).
For a set X of vertices in D, the subgraph D[X] of D induced by X is the
digraph with V (D[X]) = X, A(D[X]) = {xy : x, y ∈ X,xy ∈ A(D)}.
A digraph D is strongly connected if for every x, y ∈ V (D) there is a
directed path in D from x to y. In particular, the digraph consisting of just
one vertex is strongly connected. A strong component of D is a maximal
induced subgraph C inD that is strongly connected. D is Eulerian if there is
a directed closed trail in D that traverses every vertex of D and uses every
arc in A(D) once. Recall that D is Eulerian if and only if D is strongly
connected and balanced. For X,Y ⊆ V (D) let X ⇒ Y denote the fact
that all arcs between X and Y go from a vertex in X to a vertex in Y . In
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particular, we can write X ⇒ Y if there are no arcs between X and Y . If
Y is a set of vertices in D or a subgraph of D, for x ∈ V (D) we let d+Y (x)
denote the number of arcs of the form xy, for some vertex y in Y , and define
d−Y (x) similarly. For a positive integer n, let [n] = {1, . . . , n}. For more
information on digraphs, see [1].
If A′ is an arc-set in D then D−A′ denotes the subgraph of D obtained
by deleting all arcs of A′ from D. A set A′ ⊆ A(D) is said to be a DESC-set
(standing for Delete in order to obtain Eulerian Strong Components) if all
strong components in D−A′ are Eulerian in D−A′. The size of a smallest
DESC-set in D is denoted by desc(D). We can now define the problem
Min-DESC.
Min-DESC
Instance: A digraph D and a nonnegative integer k.
Question: Decide whether desc(D) ≤ k.
Cechla´rova´ and Schlotter [4] introduced Min-DESC in the context of
housing markets, and asked if the problem is fixed-parameter tractable when
parameterized by k.
Cygan et al. [6] study a number of related problems; in particular, the
problem of finding a set of arcs A′ such that D − A′ is balanced, and the
problem of finding a set of arcs A′ such that D − A′ is Eulerian. They
proved that the first problem is polynomial-time solvable and the second
problem is fixed-parameter tractable when the parameter is k. (Cygan et al.
also studied related problems with graphs instead of digraphs, and deleting
vertices instead of arcs or edges).
Note that unlike these problems, in Min-DESC we do not require that
D − A′ is balanced, since we allow arcs between strong components. This
makes it more difficult to say anything about what D − A′ must look like
locally, as whether a given arc is between two strong components or not
depends on the rest of the digraph.
The complexity of Min-DESC parameterized by k remains open. In this
paper, we consider Min-DESC in the special case when D is a tournament.
This problem is still NP-hard as proved in [5]. Since the proof is very long
and of relatively little interest to the reader, we have decided to omit it from
the paper. In this paper we prove the following theorem.
Theorem 1. Min-DESC for tournaments parameterized by k is fixed-
parameter tractable and has a kernel with at most 4k(4k + 2) vertices.
A parameterized problem is a subset L ⊆ Σ∗ × N over a finite alphabet
Σ. L is fixed-parameter tractable if the membership of an instance (I, k) in
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L can be decided in time f(k)|I|O(1) where f is a function of the parameter
k only [7, 9, 10]. Given a parameterized problem L, a kernelization of L
is a polynomial-time algorithm that maps an instance (x, k) to an instance
(x′, k′) (the kernel) such that (i) (x, k) ∈ L if and only if (x′, k′) ∈ L,
(ii) k′ ≤ h(k), and (iii) |x′| ≤ g(k) for some functions h and g. The function
g(k) is called the size of the kernel. It is well-known [7, 9, 10] that a decidable
parameterized problem L is fixed-parameter tractable if and only if it has
a kernel. Polynomial-size kernels are of main interest due to applications
[7, 9, 10], but unfortunately many fixed-parameter problems do not have
such kernels unless coNP⊆NP/poly, see, e.g., [2, 3, 8].
2 Fixed-parameter Tractability Result
In this section we will prove Theorem 1. To prove this result, consider a
tournament T , and assume desc(T ) ≤ k. Let A′ ⊆ A(T ) be a DESC-set
for T of size at most k and let T ′ = T − A′. Let ≻ be a linear ordering on
the strong components of T ′, such that if A ≻ B then A ⇒ B. For sets of
vertices X, Y , we let X ≻ Y denote the fact that A ≻ B, for any strong
components A,B in T ′ with V (A) ∩X 6= ∅, V (B) ∩ Y 6= ∅.
We firstly prove some properties of T, T ′ and A′. For sets of vertices
X and Y , let d∗(X,Y ) be the number of arcs in A′ with one end-vertex
in X and the other in Y (in either direction). Let d∗(X) = d∗(X,X),
d∗(x, Y ) = d∗({x}, Y ) and d∗(x) = d∗(x, V (T )).
Lemma 1. Let A,B be two strong components in T ′, with A ≻ B, and
let W be the (possibly empty) set of vertices in components between A and
B (i.e., W is the maximal set of vertices disjoint from A and B such that
A ≻ W ≻ B). Suppose that a ∈ A and b ∈ B. Then d+T (a) − d
+
T (b) ≥
|A|+|B|
2 + |W | − (k + 1).
Proof. Let Z be the maximal set of vertices for which B ≻ Z, and let R be
the maximal set of vertices for which R ≻ A.
Note that if X is the vertex set of a strong component in T ′ and x is a
vertex in X, then d+
T ′[X](x) = (|X| − 1− d
∗(x,X))/2 and
d+
T ′[X]
(x) ≤ d+
T [X]
(x) ≤ d+
T ′[X]
(x) + d∗(x,X).
Also note that if X ≻ Y , then the arcs between X and Y in A′ will be
exactly the arcs from Y to X. Hence, for all a ∈ A, b ∈ B we have
d+T (a)−d
+
T (b) ≥
(
|A| − 1− d∗(a,A)
2
+ |W |+ |B|+ |Z| − d∗(a,W ∪B ∪ Z)
)
3
−(
|B| − 1 + d∗(b,B)
2
+ |Z|+ d∗(b,R ∪A ∪W )
)
≥
|A| − |B|
2
+|W |+|B|−d∗(a,A)−d∗(b,B)−d∗(a,W∪B∪Z)−d∗(b,R∪A∪W )
≥
|A|+ |B|
2
+ |W | − (k + 1).
The last inequality holds since d∗(a,A) + d∗(b,B) + d∗(a,W ∪ B ∪ Z) +
d∗(b,R ∪ A ∪W ) ≤ k + 1, as there are at most k deleted arcs, with each
deleted arc counted at most once, with a possible exception of an arc from
a to b, which would be counted twice.
Lemma 2. Suppose there exists X ⊆ V (T ) such that |X| ≥ 4k + 3 and
maxx∈X d
+
T (x) −minx∈X d
+
T (x) ≤ k. Then X belongs to one strong compo-
nent in T ′.
Proof. For the sake of contradiction assume that the lemma does not hold.
Let A,B,W be disjoint sets of vertices such that A ≻ W ≻ B, X ⊆ A ∪
W ∪ B, and A and B are the vertex sets of strong components in T ′. By
assumption, |A| + |B| + |W | ≥ |X| ≥ 4k + 3. Applying Lemma 1, for any
a ∈ A ∩X, b ∈ B ∩X, we have d+T (a) − d
+
T (b) ≥ (4k + 3)/2 − (k + 1) > k,
which contradicts our assumption.
Lemma 3. If x and y belong to the same strong component in T ′ then
|d+T (x)− d
+
T (y)| ≤ k.
Proof. Let H be the strong component of T containing x and y, and let V =
V (T ) and U = V (H). Form a digraph Q from T ′ by reinserting deleted arcs
between V and V \U and then reorienting them. Observe that d+
Q[V \U ](x) =
d+
Q[V \U ](y), and thus |d
+
T [V \U ](x) − d
+
T [V \U ](y)| ≤ d
∗(U, V \U). Also recall
(see the second paragraph in the proof of Lemma 1) that |U |−1−d
∗(u,U)
2 ≤
d+
T [U ](u) ≤
|U |−1+d∗(u,U)
2 for any u ∈ U , and thus |d
+
T [U ](x) − d
+
T [U ](y)| ≤
d∗(x,U)+d∗(y,U)
2 . Hence,
|d+T (x)− d
+
T (y)| ≤ d
∗(U, V \U) + d
∗(x,U)+d∗(y,U)
2 ≤ k.
We also require the following lemma, which is proved in [6].
Lemma 4. Given a directed graph D, we can in polynomial time find a set
A′ ⊆ A(D) of minimal size such that D −A′ is balanced.
We are now ready to provide a proof for Theorem 1.
4
Proof of Theorem 1. Wemay assume that (T, k) is aYes-instance ofMin-DESC.
Indeed, our proof below always replaces (T, k) with an equivalent instance
and so if (T, k) is a No-instance, we will either arrive at a negative value of
the parameter or at the kernel which is a No-instance.
First note that if T already contains a Eulerian strong component C, we
may remove C from T , as any minimal DESC-set for T is also a minimal
DESC-set for T − C, and vice versa.
Let V (T ) = {v1, v2, . . . , vn} and assume without loss of generality that
d+(v1) ≥ d
+(v2) ≥ · · · ≥ d
+(vn). We will now form subsets of these vertices,
Qi and Wi such that the indices of the vertices are exactly an interval.
Partition the vertices into sets Q1, . . . , Qs as follows. Let x1 = 1. Let
yi = max{r : d
+(vxi) − d
+(vr) ≤ k}. If yi < n, let xi+1 = yi + 1. For each
i, let Qi = {vxi , vxi+1, . . . , vyi}. Observe that d
+(vxi)− d
+(vr) > k for each
r ≥ xi+1.
We first deal with the case in which |Qi| ≥ 4k + 3, for some Qi. Let
zi = min{r : d
+(vr) − d
+(vyi) ≤ k}, and let Wi = {vzi , vzi+1, . . . vyi}. Note
that Wi ⊇ Qi and so |Wi| ≥ 4k + 3, and thus Lemma 2 implies that Wi
belongs to one strong component in T ′. Thus, for any vertex v outside of
Wi, either d
+(v) − d+(vyi) > k or d
+(vxi) − d
+(v) > k, and so Lemma 3
implies that v is not in the same strong component as Wi in T
′. Therefore
Wi is exactly the vertices of one strong component in T
′. Lemma 1 implies
that {vr} ≻ Wi for any r < zi and Wi ≻ {vr} for any r > yi. Hence, we
delete any arc from Wi to vr when r < zi, and any arc from vr to Wi when
r > y and reduce the parameter appropriately.
Wi is now a strong component in the resulting digraph T . Let p be the
number of arcs of A′ in T [Wi]. Apply the polynomial algorithm of Lemma
4 to remove the minimum number p′ of arcs from within T [Wi] such that
every vertex in T [Wi] becomes balanced. Observe that p
′ ≤ p. After the
removal of arcs, T [Wi] will be a disjoint union of Eulerian digraphs and so
it can be removed from T . We will also decrease k by p′. Repeat the above
process until |Qi| ≤ 4k + 2 for every Qi.
Next, observe that if there is an arc from a ∈ Qj to b ∈ Qi, with
j ≥ i + 2, then it must belong to A′, since by Lemma 3, a and b are in
different strong components of T ′, and by Lemma 1, a ≻ b is not possible.
Therefore we delete any such arc from T and put it in a set B of arcs (B
is empty initially) and decrease k appropriately. Finally, remove any strong
Eulerian component from T .
Now we will show that the number of vertices still in T is at most 4k(4k+
2). For every strong component C in T , let l = min{i : Qi ∩ V (C) 6= ∅} and
r = max{i : Qi ∩ V (C) 6= ∅}. Consider a directed path P from Qr to Ql
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(such a path exists as C is strongly connected). Such a path must have an
arc going from Qi+1 to Qi for every l ≤ i < r.
Suppose r ≥ l+2 and consider an index j such that l ≤ j ≤ r−2. Let vs
be the last vertex of Qj+2 on P and vt the first vertex of Qj on P . It follows
from the definition of Qi’s that |d+(vt)− d+(vs)| > k and so, by Lemma 3,
vs and vt must belong to different strong components of T
′. Thus, at least
one arc in the subpath of P from vs to vt must be removed to form T
′. This
implies that at least (r − l − 1)/2 arcs inside C must be removed.
If r < l + 2 then still at least one arc inside C needs to be removed,
as otherwise C would be a Eulerian strong component and we would have
removed it.
Therefore we need to remove at least s/4 arcs, where s is the total number
of sets Qi. Hence we may assume that s ≤ 4k. Recall that |Qi| ≤ 4k+2 for
each i and, thus, the number of vertices still in T is at most 4k(4k + 2).
Note that T may not be a tournament, but we can turn it into one by
adding all arcs from B which have both vertices in T . We increase k by
the number of added arcs. Observe that the bound 4k(4k + 2) on |V (T )|
remains valid.
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